We study all four types of finite-time future singularities emerging in late-time accelerating (effective quintessence/phantom) era from F(R, G)-gravity, where R and G are the Ricci scalar and the Gauss-Bonnet invariant, respectively. As an explicit example of F(R, G)-gravity, we also investigate modified Gauss-Bonnet gravity, so-called F (G)-gravity. In particular, we reconstruct the F (G)-gravity and F(R, G)-gravity models where accelerating cosmologies realizing the finite-time future singularities emerge. Furthermore, we discuss a possible way to cure the finite-time future singularities in F (G)-gravity and F(R, G)-gravity by taking into account higher-order curvature corrections. The example of non-singular realistic modified Gauss-Bonnet gravity is presented.
I. INTRODUCTION
cosmology, including black holes and stellar astrophysics. In this respect it is very important to list the singular dark energy models as well as try to indicate the physical consequences of possible future singularity. Moreover, it is desirable to construct the universal scenario to cure such singularities. The interesting class of modified gravity models which may easily produce the late-time acceleration epoch is string-inspired modified Gauss-Bonnet gravity, so-called F (G)-gravity [33] [34] [35] [36] , where F (G) is an arbitrary function of the Gauss-Bonnet invariant G = R 2 − 4R µν R µν + R µνξσ R µνξσ (R µν and R µνξσ are the Ricci tensor and the Riemann tensor, respectively). It is known that such class of models may also lead to finite-time future singularity [21] .
In the present paper, as a generalized investigation of Ref. [21] , we explore the F (R, G)-gravity models with realizing the finite-time future singularities by using the reconstruction method of modified gravity [21, 37] , where F (R, G) is an arbitrary function of R and G.
The F (R, G)-gravity is a gravitational theory in a more general class of modified gravity and includes f (R)-gravity and F (G)-gravity. As an explicit example of F (R, G)-gravity, we also investigate F (G)-gravity and reconstruct the F (G)-gravity models in which finite-time future singularities could appear in great detail. It is shown that all four types of finitetime future singularity may occur in such modified gravity. In addition, we examine the possibility of the finite-time future singularities in F (G)-gravity and F (R, G)-gravity being cured under higher-order curvature corrections. The explicitly non-singular modified GaussBonnet models is proposed and it is shown that the finite-time future singularities may be easily protected combining a singular theory with the non-singular one. This suggests the universal scenario to cure the finite-time future singularity in the same line as it was proposed in Ref. [26] .
The paper is organized as follows. In Sec. II, we briefly review the model of F (R, G)-gravity and write down the gravitational field equations. In addition, we classify the four types of the finite-time future singularities. In Sec. III, as a first step, we investigate F (G)-gravity and reconstruct the F (G)-gravity models where finite-time future singularities may occur. We also examine the finite-time future singularities in realistic models of F (G)-gravity. Next, in Sec. IV we study the general F (R, G)-gravity models where the finite-time future singularities occur. Moreover, we explore the finite-time future singularities in a realistic model of F (R, G)-gravity. In Sec. V, we discuss a possible way to resolve the finite-time future singularities in F (G)-gravity and F (R, G)-gravity by taking into account higher-order curvature corrections. The non-singular theories are proposed. It is shown that the addition of such non-singular effective dark energy to the singular one may cure the singularity of the combined theory. Hence, modified Gauss-Bonnet gravity may appear as the effective universal regulator of finite-time future singularity not only for singular alternative gravity but also for convenient singular DE. Finally, conclusions are given in Sec.
VI. The finite-time future singularities in a simple model of f (R)-gravity are also examined in Appendix A. Furthermore, a further argument on the asymptotic behavior of singular models is presented in Appendix B.
We use units of k B = c = = 1 and denote the gravitational constant 8πG N by κ 2 ≡ 8π/M Pl 2 with the Planck mass of M Pl = G −1/2 N = 1.2 × 10 19 GeV. A note on notation is that throughout the present paper, α, γ, z, n, m, δ and ζ are constants unless we mention some conditions in regard to these expressions.
II. F(R, G)-GRAVITY
In this section, we briefly review F (R, G)-gravity and derive the gravitational field equations. Moreover, we classify the finite-time future singularities into four types following ref. [17] .
A. The Model
The action of F (R, G)-gravity is given by 1) where g is the determinant of the metric tensor g µν and L matter is the matter Lagrangian.
From the action in Eq. (2.1), the gravitational field equation is derived as
where we have used the following expressions:
Here, ∇ µ is the covariant derivative operator associated with g µν , ≡ g µν ∇ µ ∇ ν is the covariant d'Alembertian for a scalar field, and T (matter) µν = diag (ρ, p, p, p) is the contribution to the energy-momentum tensor from all ordinary matters with ρ and p being the energy density and pressure of all ordinary matters, respectively.
The most general flat FRW space-time is described by the metric 4) where a(t) is the scale factor and N(t) is an arbitrary function of t. In what follows, we take
In the FRW background, from (µ, ν) = (0, 0) and the trace part of (µ, ν)
, we obtain the gravitational field equations: 5) where ρ eff and p eff are the effective energy density and pressure of the universe, respectively, and these are defined as
6)
Here, H =ȧ(t)/a(t) is the Hubble parameter and the dot denotes the time derivative of ∂/∂t.
For general relativity with F (R, G) = R, ρ eff = ρ and p eff = p and therefore Eqs. (2.6) and (2.7) are the FRW equations. Consequently, Eqs. (2.6) and (2.7) imply that the contribution of modified gravity can formally be included in the effective energy density and pressure of the universe.
B. Four types of the finite-time future singularities
We consider the case in which the Hubble parameter is expressed as 8) where h, t 0 and H 0 are positive constants, β is a constant, and t < t 0 . We can see that if β > 0, H becomes singular in the limit t → t 0 . Hence, t 0 is the time when a singularity appears. On the other hand, if β < 0, even for non-integer values of β some derivative of H and therefore the curvature becomes singular [21] . We assume β = 0 because β = 0 corresponds to de Sitter space, which has no singularity.
The finite-time future singularities can be classified in the following way [17] :
• Type I (Big Rip): for t → t 0 , a(t) → ∞, ρ eff → ∞ and |p eff | → ∞. The case in which ρ eff and p eff are finite at t 0 is also included. It corresponds to β = 1 and β > 1.
• Type II (sudden [38] ): for t → t 0 , a(t) → a 0 , ρ eff → ρ 0 and |p eff | → ∞. It corresponds to −1 < β < 1.
• Type III: for t → t 0 , a(t) → a 0 , ρ eff → ∞ and |p eff | → ∞. It corresponds to 0 < β < 1.
• Type IV: for t → t 0 , a(t) → a 0 , ρ eff → 0, |p eff | → 0 and higher derivatives of H diverge.
The case in which ρ and/or p tend to finite values is also included. It corresponds to β < −1 but β is not any integer number.
Here, a 0 ( = 0) and ρ 0 are constants. We note that in the present paper, we call singularities for β = 1 and those for β > 1 as the "Big Rip" singularities and the "Type I" singularities, respectively.
III. F (G)-GRAVITY
In this section, as an explicit example of F (R, G)-gravity, we first study F (G)-gravity [33] [34] [35] [36] . We reconstruct the F (G)-gravity models where finite-time future singularities may occur. In addition, we explore the finite-time future singularities in realistic models of
A. The Model
The action of F (G)-gravity is given by [33] 1) which corresponds to the action in Eq. (2.1) with F (R, G) = R + F (G).
In the FRW background in Eq. (2.4) with N(t) = 1, it follows from the action in Eq. (3.1) that the equations of motion (EOM) for F (G)-gravity are given by [35] (3.3) where the prime denotes differentiation with respect to G. Moreover, we have (3.5) In this case, ρ eff and p eff in the FRW equations (2.5) take the form
where we have used Eq. (3.5).
We assume that the matter has a constant equation of state (EoS) parameter w ≡ p/ρ.
By combining the two equations in Eq. (2.5), we obtain 8) where
When a cosmology is given by H = H(t), the right-hand side of Eq. (3.8) is described by a function of t. If the function G(H,Ḣ...) in Eq. (3.9) , which is the combination of H,Ḣ, H and the higher derivatives of H, reproduce the above function of t, this cosmology could be realized. Hence, the function G(H,Ḣ...) can be used to judge whether the particular cosmology could be realized or not [21] . The form of G(H,Ḣ...) is determined by the gravitational theory which one considers. In the case of F (G)-gravity, by substituting Eqs. (3.6) and (3.7) into Eq. (3.9), we find
We investigate the F (G)-gravity models in which the finite-time future singularities could occur, when the form of H is taken as Eq. (2.8) . To find such F (G)-gravity models, we use the reconstruction method of modified gravity [21, 37] . By using proper functions P (t) and Q(t) of a scalar field t which we identify with the cosmic time, the action in Eq. (3.1) can be rewritten to
The variation with respect to t yields 12) from which we can find t = t(G). By substituting t = t(G) into Eq. (3.11), we find the action in terms of F (G)
We describe the scale factor as 14) whereā is a constant and g(t) is a proper function. By using Eqs. (3.2), Eq. (3.3) , (3.14) , the matter conservation lawρ + 3H(ρ + p) = 0 and then neglecting the contribution from matter, we get the differential equation (3.15) By using the first EOM for F (G)-gravity in Eq. (3.2), Q(t) is given by 
The most general solution of Eq. (3.15) is given by 19) where c 1 and c 2 are constants. From Eq. (3.16), we get
Furthermore, from Eq. (3.12) we obtain 21) which is consistent with Eq. (3.18) . By solving Eq. (3.13), we find the most general form of F (G) which realizes the Big Rip singularity (3.22) This is an exact solution of Eq. (3.8) in the case of Eq. (3.17) . In general, if for large values of G, F (G) ∼ αG 1/2 , where α( = 0) is a constant, the Big Rip singularity could appear for any value of h = 1. In the case of h = 1, the solution of
Note that αG (1+h)/4 is an invariant with respect to the Big Rip solution.
In the case of h = 1, it is possible to find another exact solution for P (t) 23) where γ(> 0) is a positive constant and q and z are constants. The equation (3.15) is satisfied for the case of Eq. (3.17) if q = 3 − h = 2 (and therefore h = 1) and zα = −1/4.
From Eq. (3.16), we have
The form of F (G) is given by (3.25) This is another exact solution of Eq. (3.8) for H = 1/(t 0 − t). In general, if for large values of G, F (G) ∼ α √ G ln(γG) with α > 0 and γ > 0, the Big Rip singularity could appear.
The same result is found for F (G) ∼ α √ G ln(γG z + G 0 ) with α > 0, γ > 0 and z > 0, where
Other types of singularities
Next, we investigate the other types of singularities. If β = 1, Eq. (2.8) with H 0 = 0 implies that the scale factor a(t) behaves as
We consider the case in which H and G are given by
A solution of Eq. (3.15) in the limit t → t 0 is given by 3.29) with z = −2β and α = −1/4h 2 . The form of F (G) is expressed as
Hence, if for large values of G, F (G) ∼ −α √ G with α > 0, a Type I singularity could appear.
When β < 1, the forms of H and G are given by
An asymptotic solution of Eq. (3.15) in the limit t → t 0 is given by 3.33) with z = −(1 + β) and α = 1/2h(1 + β). The form of F (G) becomes
.
(3.34)
Hence, if for large values of G, F (G) has the form 35) with α > 0 and 0 < γ < 1/2, we find 0 < β < 1 and a Type III singularity could emerge.
If for G → −∞, F (G) has the form in Eq. (3.35) with α > 0 and −∞ < γ < 0, we find −1/3 < β < 0 and a Type II (sudden) singularity could appear. Moreover, if for
F (G) has the form in Eq. (3.35) with α < 0 and 1 < γ < ∞, we obtain −1 < β < −1/3 and a Type II singularity could occur.
If for G → 0 − , F (G) has the form in Eq. (3.35) with α > 0 and 2/3 < γ < 1, we obtain −∞ < β < −1 and a Type IV singularity could appear. We also require that γ = 2n/(3n − 1), where n is a natural number.
We can generate all the possible Type II singularities as shown above except in the case
. In this case, we have the following form of G:
To find t in terms of G, we must consider the whole expression of G by taking into account also the low term of (t 0 − t). We obtain 37) which satisfies Eq. (3.8) in the limit t → t 0 . As a consequence, the specific model F (G) =
, where σ 1 , σ 2 and c 3 are positive constants, can generate a Type II singularity.
C. Realistic models of F (G)-gravity
Here, we study the realistic models of F (G)-gravity, which reproduce the current acceleration, namely [36] 40) where
, n, N and m are constants. In the following, we always assume n > 0. For the model (3.39), Types I, II and III singularities may be present. In fact, for N = 1/2, one could have Big Rip singularities, since in this case, in the limit large G, Eq. If there exists any singularity solution, it must be consistent with Eq. (3.8) . The behavior of Eq. (3.10) takes two asymptotic forms which depend on the parameter of β as follows:
• Case of β ≥ 1: In the limit t → t 0 , we find 41) where δ and ζ are constants. To realize a singularity, from Eq. (3.8) we must have
proportional to 1/(t 0 − t) 2β , it is possible to have a Type I singularity. This condition is necessary and not sufficient. Another very important condition that must be satisfied is the concordance of the signs in Eq. (3.42) , which depends on the parameters of the model.
• Case of β < 1: In the limit t → t 0 we obtain
To realize a singularity, from Eq. (3.8) we must have
proportional to 1/(t 0 − t) β+1 , it is possible to have a Type II, III or IV singularity.
Also this condition is necessary and not sufficient.
We see that the model in Eq. (3.39) with n > 0 and N > 0 is not able to realize a Type IV singularity because for β < −1 the right-hand side of Eq. (3.44) tends to zero and the left-hand side of Eq. (3.44) tends to a constant (
to have a Type II singularity for 0 < β < −1/3. If n > 0 and N > 0, we get
It can be shown that, under the requirement n > 1 (the relation between n and β is n = 2β/(3β + 1)), the asymptotic behavior of Eq. (3.43) 
proportional to 1/(t 0 − t) β+1 and therefore it is possible to realize the Type II singularity.
• For N = 1 and n = 2,
• For N = 1 and n = 3,
In a certain sense, the model F 1 (G) in Eq. (3.38) is a particular case of Eq. (3.39) . For large values of G, it tends to a constant with velocity being zero, so that it is impossible to find singularities (it is well known that R + constant is free of singularities, according to the ΛCDM model). Nevertheless, similarly to the above, a Type II singularity can occur when
With regard to F 3 (G) in Eq. (3.40) , it is interesting to find the conditions on m, n, a 3
and b 3 for which we do not have any type of singularities. When G → ±∞ or G → 0 − , it is possible to write this model in the form F (G) ∼ αG γ , which we have investigated on in the preceding subsection. We do not consider the trivial case n = m. The no-singularity conditions follow directly from the results of the preceding subsection as complementary conditions to the singularity ones:
• Case (A): n > 0, m > 0, n = 1 and m = 1. We avoid any singularity if 0 < n+m < 1/2 and a 3 b 3 < 0; n + m > 1/2, n > 1 and a 3 > 0; n + m > 1/2, 2/3 < n < 1 and a 3 < 0;
n + m > 1/2, 0 < n ≤ 2/3 and if n = 1/2, a 3 > 0.
• Case (B): n > 0, m < 0 and n = 1. We avoid any singularity if 0 < n < 1/2 and
• Case (C): n < 0, m > 0 and m = 1. We avoid any singularity if m + n > 1/2; m + n < 1/2 and a 3 b 3 < 0.
• Case (D): n < 0 and m < 0. We avoid any singularity if a 3 < 0.
We end this subsection considering the following realistic model, again for n > 0,
Since for large G, one has
analysis of Subsection III. B leads to the absence of any type of singularities for
In fact, for this range of values, the asymptotic behavior of the right-hand side of Eq. (3.8) is different from the asymptotic behavior of its left-hand side on the singularity solutions. [20, 21, 23] ) results in combined non-singular model. Hence, unlike to convenient DE which may be singular or not, (nonsingular) modified gravity may suggest the universal recipe to cure the finite-time future singularity. In this respect, modified gravity seems to be more fundamental theory than convenient DEs.
IV. FINITE-TIME FUTURE SINGULARITIES IN F(R, G)-GRAVITY
In this section, we consider the finite-time future singularities in F (R, G)-gravity. We reconstruct the F (R, G)-gravity models with producing the finite-time future singularities.
Furthermore, we examine the finite-time future singularities in a realistic model of F (R, G)-gravity.
A. Formalism
We study the pure gravitational action of F (R, G)-gravity, i.e., the action in Eq. (2.1) without L matter . In this case, it follows from Eqs. (2.6) and (2.7) that the EOM of F (R, G)-gravity are given by [35] 
In the case of pure gravity, these two equations are linearly dependent. Now, similarly to the previous section, by using proper functions P (t), Z(t) and Q(t) of a scalar field which is identified with the time t, we can rewrite the action in Eq. (2.1) without
By the variation with respect to t, we obtain 4) from which in principle it is possible to find t = t(R, G). Here, the prime denotes differentiation with respect to t. By substituting t = t(R, G) into Eq. (4.3), we find the action in terms of F (R, G)
By using the conservation law and Eq. (4.1), we get the differential equation
where we have used the expression of the scale factor in Eq. (3.14) and the Hubble parameter H(t) =ġ(t). By using Eq. (4.1), Q(t) becomes
In general, if P (t) = 0, F (R, G) can be written in the following form: we obtain 9) and 10) respectively, where ρ eff and p eff are given by the expressions in (2.5). As a consequence, we recover the same formalism of Sec. III as (4.11) where w is the constant EoS parameter of matter. The use of this equation requires that g(R, G) = 0 on the solution. The equation for G(H,Ḣ...) is given by Eq. (3.8) .
B. Finite-time future singularities
We examine the F (R, G)-gravity models in which the finite-time future singularities could appear.
Big Rip singularity
First, we investigate the Big Rip singularity. If β = 1 in Eq. (2.8) with H 0 = 0, we have 14) with h > 0. A simple (trivial) solution of Eq. (4.6) is given by 16) with α and δ being constants, where x = 3 − h and z is given by
Thus, the most general solution of P (t) is expressed as 18) where α 1 and α 2 are constants. From Eq. (4.7), we have (4.19) Under the condition 0 < h < 5 − 2 √ 6 or h > 2 + √ 6, the solution of F (R, G) (by absorbing some factor into the constants) is given by is an invariant of the Big Rip solution in a F (G)-gravity theory and it is a solution in a general F (R, G)-gravity theory.
Note that 1 − z ± = 1.
Another exact solution of Eq. (4.6) is given by 22) where δ and x are constants, z = x + 2 and α is given by
From Eq. (4.7), we find
The solution of Eq. (4.4) is given by 25) with x = 0 and δ = 0.
To have real solutions, we must require that the arguments of the roots in Eq. (4.25) are positive. For h > 0, the principal cases are as follows:
. We must use the sign + in (4.25).
• Case (2): − 3 2 ≤ x < 0, δ < 0, h ≥ x + 1. We must use the sign +.
• Case (3):
. We must use the sign +.
• Case (4):
We must use the sign −.
• Case (5): − 3 2 ≤ x < 0, δ > 0, h ≥ x + 1. We must use the sign −.
• Case (6): −4 < x < − . We must use the sign −.
• Case (7): x = −4, δ > 0. We must use the sign −.
• Case (8): x = −4, δ < 0. We must use the sign +.
The solution of F (R, G) is given by
2 δx + α(x + 2 + h) , (4.26) where f (R, G) is given by Eq. (4.25) . This is an exact solution of EOM in Eqs. (4.1) and (4.2) for the Big Rip case.
We show several examples. In the case α = 1 and x = −2, we find 27) which is in agreement with the result of the previous section.
If α = 0 and x = h − 3 (this case corresponds to the cases (1)- (6) presented above), we find 28) which is equivalent to Eq. (4.20) with α 1 = α 2 = 0.
If x = −4, the result is given by
Hence, if for large values of R and G, F (R, G) ∼ ±α ∓ δ(R 2 /G) with α > 0 and δ > 0, the Big Rip singularity could appear.
If x = h − 1, the solution becomes (by absorbing some constant)
Thus, if for large values of R and G, F (R, G) ∼ δG γ /R γ−1 with δ = 0 and 1/2 < γ < 1 or 1 < γ < +∞, the Big Rip singularity could appear.
Furthermore, it is possible to verify that the model: 
Other types of singularities
Next, we study the other types of singularities. We consider the case in which H is given by
An exact solution of Eq. (4.6) is given by
33) 34) where λ is a generic constant. The form of Q(t) is given by
(4.35)
For β = 1, we find a special case of Eq. (4.26). For β > 1, we obtain the asymptotic real solution of Eq. (4.4):
The form of F (R, G) is expressed as
This is an asymptotic solution of Eq. (3.8) when (for β > 1) (4.38) In the case β ≫ 1, the form of F (R, G) is written as (4.39) This is the asymptotic behavior of a F (R, G) model in which a "strong" Type I singularity (β ≫ 1) could appear. By taking g(R, G) = γG m /R n+1 and using Eqs. (4.9) and (4.10), it is possible to verify that for the model To find other models, we can consider the results of Sec. III. The Type I singularities correspond to the asymptotic limits for R and G for G/R, however, we obtain the following model:
This is an asymptotic solution of Eq. (3.8) such as Eq. (4.38). Thus, there appears Type I singularity for F (R, G) ∼ R − α(G/R) with α > 0.
In the case of H = h/(t 0 − t) β with β < 1, it is not possible to write G and R like functions of the same variable (H or the same combination of H andḢ). Nevertheless, if
we examine the asymptotic behavior of G and R, we have (4.46) and
If we use G/R for G in Eq. (3.34) as in Eq. (4.47), we see that the asymptotic time dependence in Eq. (3.8) for β < 1 is the same: (4.48) Under this consideration, it is possible to derive a F (R, G)-gravity theory (by setting some parameters) from Eq. (3.34) as (4.49) in which the other types of singularities appear. Thus, in this model (F (R, G) ∼ R+α(G/R) with α > 0) the Type II, III and IV singularities could appear. Then, by substituting G for R we get
This is a well-know result. In the model F (R → ∞) ∼ R + αR γ , for 0 < γ < 1 and α > 0, a Type III singularity could appear. In the model F (R → −∞) ∼ R + α|R| γ , for −∞ < γ < 0 and α > 0, a Type II singularity could appear. In the model
, where n is a natural number) and α < 0, a Type IV singularity could appear. (In the Big Rip case, we have found exact solutions. This kind of reasoning is therefore inapplicable.)
C. Realistic model of F(R, G)-gravity
We study the following realistic model of F (R, G)-gravity:
where a i (i = 1, · · · , 5) are constants and n(> 0) and m(> 0) are positive constants. For large values of R and G, we have
In the specific case n ≥ 3 and m = (1/2)(1 + 2n • Case of β ≥ 1: In the limit t → t 0 , we find (4.53) where ǫ and η are constants. To realize a I Type singularity, from Eq. (3.8) we must have
Hence, if for G ∼ 1/(t 0 − t) 4β and R ∼ 1/(t 0 − t) 2β with β ≥ 1, the highest term of
Eq. (4.53) is proportional to 1/(t 0 − t) 2β , it is possible to have a Type I singularity.
As in F (G)-gravity, this condition is necessary and not sufficient.
• Case of β < 1: In the limit t → t 0 , we obtain
To realize this kind of singularities, from Eq. (3.8) we must have
(4.56)
Thus, if for G ∼ 1/(t 0 − t) 3β+1 and R ∼ 1/(t 0 − t) β+1 with β < 1, the highest term of Eq. (4.55) is proportional to 1/(t 0 − t) β+1 , it is possible to have a Type II, III or IV singularity. Also this condition is necessary and not sufficient.
For the model in Eq. (4.51), if m and n are positive numbers (
and m = 2n, the asymptotic behavior of Eq. (4.53) (in this case g(R, G) =
and therefore it is possible to realize the Type I singularity. As a consequence, we get
To have the consistence with Eq. (4.54), we find that if 1 ≤ m < 2 and a 1 /a 2 < 0, the Type I singularity could appear (for example, if m = 1, n = 1/2, a 2 = 1 and a 1 < 0, we recover the case of Eq. (3.30) ). The same result is obtained if m > 2 and a 1 /a 2 > 0.
We see that for m > 0, n > 0 and
and G(H,Ḣ...) in Eq. (4.55) diverges faster than (t 0 − t) −β−1 , so that in order to find Type II or III singularities, we must haveF ′ R = 0. In general, this is true if m = 1 and we can recover the results in Sec. III for F (G)-gravity.
When R → 0 − and G → 0 − , for m > 0 and n > 0, F (R, G) behaves as (4.56) becomes inconsistent, so that the model is free of Type IV singularities.
V. CURING THE FINITE-TIME FUTURE SINGULARITIES
In this section, we discuss a possible way to cure the finite-time future singularities in F (G)-gravity and F (R, G)-gravity. In the limit of large curvature, the quantum effects become important and lead to higher-order curvature corrections. It is therefore interesting to resolve the finite-time future singularities with some power function of G or R.
A. F (G)-gravity
First, we consider F (G)-gravity. If any singularity occurs, Eq. (3.8) behaves as
The singularities appear in two cases:
Suppose that for large values of G,
with γ = 0. One way to prevent a singularity appearing could be that the function G(H,Ḣ...)
becomes inconsistent with the behavior of Eq. (5.1). In general, G(H,Ḣ...) must tend to infinity faster than Eq. (5.1). For H = h/(t 0 − t) (Big Rip), we have
Hence, if m > 1/2, we avoid the singularity. Nevertheless, there is one specific case in which the Big Rip singularity could occur. If m = (1 + h)/4, G(H,Ḣ...) is exactly equal to zero, so that (for example) the following specific model admits the Big Rip singularity: For H = h/(t 0 − t) β with β > 1 (Type I) and the behavior in Eq. (5.2), we find
Also in this case, if m > 1/2, we avoid the singularity. For example, R + F (G) = R + α √ G + γG 2 with α > 0 is free of Type I singularities, while if α < 0, the Big Rip singularity could appear.
For H = h/(t 0 − t) β with 0 < β < 1 (Type III) and the behavior in Eq. (5.2), we obtain
If m > 2β/(3β + 1) (i.e. m > 1/2), we avoid the singularity.
Also for H = h/(t 0 − t) β with −1/3 < β < 0 (Type II, G → −∞), we have to require the same condition. For example, R + α|G| ζ + γG 2 with ζ < 1/2 is free of Type I, II and III singularities.
(ii) Case of G → 0
−
Suppose that for small values of G,
with γ = 0 and m being an integer. For H = h/(t 0 − t) β with β < −1/3 (Type II and IV singularities), we get It is also possible to cure the singularities in a F (G)-gravity theory with the power functions of R and a f (R)-gravity theory with the power functions of G. To do it, it is useful to take into account that G diverges as R 2 in the Type I singularity solutions, at least as R in the Type II, and as R 2 in the Type III, and G tends to zero at least as R 3 in the Type IV (proved by the fact that when β < 1, G ∼ R 3β+1/β+1 ). We show several examples.
• R + G n + R m ∼ R + R m on the asymptotic limit of the Types I and III singularity solutions (if they exist) when m > 2n.
• R + G n + R m ∼ R + R m on the Types II singularity solutions if m > n (on this kind of solutions R tends always to infinity, while in some cases, for −1 < β < −1/3, G tends to zero).
• 1/(G n + R m ) ∼ 1/R m on the Types IV singularity solutions (for which R → 0 − and
Thus, the singularity solutions found in Sec. III for F (G)-gravity can be cured by the term γR m with m > 1 for Type I, II and III singularities and that with m < 1 for Type IV singularity.
We mention the Type I singularities with β > 1. We have shown that the model R + γG m with m > 1/2 (m = 1) is free of Type I singularity because Eq. (3.8) becomes inconsistent.
Nevertheless, it follows from Eq. (4.40) that the models G m with m > 1/2 and R n with n > 1 can show the Type I singularity in the asymptotic limit. This means that when t is very close to t 0 , the term
and therefore the Type I singularity could appear. Hence, the important point is whether the model can approach to very large values of R or G with a non-singular metric (which is not admitted) and then become singular because R is negligible. It depends on the form and the dynamics of the model and the value of m or n. If m ≫ 1/2 or n ≫ 1, the singularity could appear more easily. Thus, in order to avoid the singularity solutions, it is better to choose m and n as m > 1/2 and as n 1, respectively, but m and n are not very large.
This does not hold in the other types of singularities. The theory R + G m with m ≤ 0 and m being an integer (or R + R n with n < 2) is free of Type II, III and IV singularities as the theories G m or R n .
B. F(R, G)-gravity
Next, we study F (R, G)-gravity. In the general F (R, G)-gravity, in order to avoid the singularities with power functions, we must require that the EOM ( We investigate general cases. Suppose that for large values of G and R, 9) with γ = 0. In the case of the Big Rip singularity, in which H is given by Eq. (3.17) ,
Thus, if m > (n + 1)/2, we avoid the singularity. Nevertheless, there is the possibility that G(H,Ḣ...) is exactly equal to zero and the Big Rip singularity could occur (see Eqs. (4.30) and (4.31) in the case of m = n + 1). Hence, the whole form of F (R, G) as well as its form in the asymptotic limit must be examined.
In the case of Eq. (3.27) (Type I), G(H,Ḣ...) diverges as (5.11) Also in this case, if m > (n + 1)/2, we avoid the singularity. Similarly to the above, however, if m ≫ 1 and n ≪ 1, the asymptotic limit of F (R, G) in Eq. (5.9) behaves as γG m /R n and therefore the Type I singularity could occur (see Eq. (4.40)).
As a consequence, we can avoid the Type I singularities if the asymptotic behavior of the model is given by Eq. (5.9) and its asymptotic form has the power functions 13) with m and n being positive integers. Now, suppose that when H = h/(t 0 − t) β with β < 1, the asymptotic limit of F (R, G) 15) which diverges faster than (t 0 − t) −β−1 and therefore the Type II, III and IV singularities are always avoided for any value of m and n. The same scenario to cure the future singularity by adding the non-singular modified gravity maybe applied here again.
VI. CONCLUSION
In the present paper, we have investigated the finite-time future singularities in F (G)-gravity and F (R, G)-gravity. We have reconstructed the F (G)-gravity and F (R, G)-gravity models in which the finite-time future singularities may occur. It has been demonstrated that all four types of finite-time future singularity may emerge for a variety of the above models with the effective quintessence/phantom EoS behavior in the same qualitative way as for convenient DEs where also all four types of future singularity may occur [17] [18] [19] . This provides the explicit demonstration that whatever the effective DE model (convenient one or modified gravity) is, it may lead to singular future universe. Moreover, the future singularity may manifest itself as radius singularity for spherically-symmetric spaces. This may cause instabilities for black holes [18] and relativistic stars [27, 29, 31, 39] . Other imprints of the singular future universe to current cosmology may be searched as well.
However, there exists fundamental qualitative difference between convenient DE and modified gravity. It turns out that sometimes it is possible to solve the singularity issue taking account of quantum gravity effects (see Big Rip singularity resolution in Ref. [40]) or by the coupling of DE with Dark Matter (DM) (some fine-tuning of initial conditions may help to resolve Type II or Type IV future singularity [41] ). Nevertheless, quantum gravity account is effectively the modification of gravity. Moreover, it is only modified gravity (actually, its additional modification as we have demonstrated on the example of non-singular F (G)-model in Subsection III. C) may suggest the universal scenario to cure any finite-time future singularity. This is achieved by adding such non-singular theory to any DE containing future singularity in its evolution. Furthermore, such additional modification may always be made by terms which are relevant only in the early universe and are typical as quantum gravity corrections. Hence, modified gravity suggests the universal scenario to protect the future universe from singularity while not destroying the attractive cosmological properties of specific DE alternative gravity like its viability with local/cosmological tests if exists. This may be considered as powerful theoretical argument in favor of the consideration of such theories as DEs.
of the modified function, which is very small but different from zero, involves the possibility of singularities for β < 1. In this Appendix, we explore the finite-time future singularities in a simple model of f (R)-gravity. The action of f (R)-gravity is given by
which corresponds to the action in Eq. (2.1) with F (R, G) = R + f (R). We examine the following simple f (R)-gravity model [42] which reproduces the current accelerated expansion of the universe and imitate a cosmological constant for large values of curvature:
where b (> 0) is a positive constant. In what follows, we consider the pure gravitational
The finite-time future singularities in f (R)-gravity have been discussed in Ref. [21] , from which we propose the asymptotic expression of G(H,Ḣ, ...) when β < 1, similarly to Eq. (3.43):
Here, the prime denotes differentiation with respect to R. When β < 0, the asymptotic behavior of R is given by
We assume R > 0, so in this case h must be negative. If H behaves as
as Eq. (2.8), H can be still positive in the limit t → t 0 . For large values of R (−1 < β < 1), 
To obtain a singularity, the highest term in Eq. (A3) must be divergent as 1/(t 0 − t) β+1 . In order to check it, it is convenient to develop the exponential function in power-series. The third term of Eq. (A3) behaves as
For n = 2/(β + 1), the highest term of the denominator behaves as (t 0 − t) β+1 . If β → −1 + , n → ∞ and this is just the asymptotic value of n of the highest term in Eq. (A7). A similar argument is valid for the last term of Eq. (A3), whereas the first and second terms of Eq. (A3) tend to a constant and zero, respectively. Thus, a Type II singularity could occur in the model in Eq. (A2) for large values of R. Note that f (R)-gravity unifying the early-time inflation with late-time acceleration as proposed in Ref. [43] turns out to be non-singular due to the presence of R 2 term.
Appendix B: Asymptotic behavior of singular models
In this Appendix, we discuss the asymptotic behavior of singular models. In Sec. IV A,
we have shown that in principle it is possible to write a general F (R, G)-gravity theory in the form in Eq. (4.8) . In this case, from Eqs. (3.9) and (4.11) we obtain the asymptotic limit all the terms smaller than Rg(R, G) (and also their derivatives) are neglected. As a consequence, when we use the EOM in the asymptotic limit, we must choose g(R, G) as the coefficient of the smallest term which we want to consider. This is easy to do when the terms are completely different in the limit. For example, R 2 + 1/R ∼ R 2 when R → ∞ (this is the principle that we have used in the study of the realistic models shown in the present paper). The question is trickier when the terms of F (R, G) tend together to infinity or to zero with different velocities. In this case, the choice of g(R, G) depends on our target, if we want to verify the EOM in more or less strong limit. For example, let us consider the model F (R, G) = R + R 2 . If we choose g(R, G) = 1 and f (R, G) = R 2 , we find that Eq. (B1) is inconsistent on the Type I singularity solution, so we can say that the model is free of this kind of singularity. Nevertheless, the choice of g(R, G) = R and f (R, G) = R is equivalent to neglecting the first term of F (R, G), so we are considering F (R, G) ∼ R 2 (strong limit when R → ∞). In this case, we find that the model could be affected by the Type I singularity. The physical meaning has been discussed in Sec. V.
